Let A be a unital AH-algebra and let α ∈ Aut(A) be an automorphism. A necessary condition for A ⋊ α Z being embedded into a unital simple AF-algebra is the existence of a faithful tracial state. If in addition, there is an automorphism κ with κ * 1 = −id K1(A) such that α • κ and κ • α are asymptotically unitarily equivalent, then A ⋊ α Z can be embedded into a unital simple AF-algebra. Consequently, in the case that A is a unital AH-algebra (not necessarily simple) with torsion K 1 (A), A ⋊ α Z can be embedded into a unital simple AF-algebra if and only if A admits a faithful α-invariant tracial state. We also show that if A is a unital AT-algebra then A ⋊ α Z can be embedded into a unital simple AF-algebra if and only if A admits a faithful α-invariant tracial state.
Introduction
Quasidiagonality for crossed product C * -algebras were studied by Dan Voiculescu ([44] ), [45] and [46] ). Quasidiagonality in C * -algebras has been studied for a long time in many different point of views (see [6] for more information, also [12] , [41] , [18] , [39] , [40] , [47] , [1] , [2] , [3] , [13] , [9] and [10] , to name a few). Let X be a compact metric space and α be a homeomorphism on X. It was proved by Pimsner ([37] ) that C(X) ⋊ α Z is quasidiagonal if and only if α is pseudonon-wondering, and if and only if C(X) ⋊ α Z can be embedded into an AF-algebra. Recent applications of C * -algebra theory to dynamical systems further suggest that quasidiagonality and AF -embeddability of crossed products A ⋊ α Z become increasingly important.
Let A be an AF-algebra and α ∈ Aut(A) be an automorphism. Nate Brown ([4] ) proved that A ⋊ α Z can be embedded into an AF-algebra if and only if A ⋊ α Z is quasidiagonal. More importantly, a K-theoretical necessary and sufficient condition for A ⋊ α Z being quasidiagonal is also given there. When A is a unital simple AT-algebra of real rank zero, Matui ([34] ) showed that A ⋊ α Z can always be embedded into an AF-algebra. On the other hand, Voiculescu's question when C(X) ⋊ Λ Z 2 can be embedded into an AF-algebra remains unanswered. It was not even known when C(X)⋊ Λ Z 2 is quasidiagonal. It was pointed out by Voiculescu ( [46] ) that a unital quasidiagonal C * -algebra always has a tracial state. One consequence of the results here is that if C(X) ⋊ α Z 2 admits a faithful tracial state then it is quasidiagonal (8.2) .
We are interested in the problem when C * -algebras can be embedded into unital simple AFalgebras. Note that not every AF-algebra can be embedded into a unital simple AF-algebra. In fact, it is easy to show that an AF-algebra can be embedded into a unital simple AF-algebra if and only if it admits a faithful tracial state. We prove a more general result. Recall that a C *algebra A is AH, if A is an inductive limit of finite direct sums of C * -algebras A n with the form P (n,i) M k(n,i)) (C(X n,i ))P (n,i) , where X n,i is a finite CW complex and P (n,i) ∈ M k(n,i) (C(X n,i )) is a closed) ideal of B for any a = 0.
Let {B n } be a sequence of C * -algebras. Denote by l ∞ ({B n }) the C * -algebraic product of {B n } and c 0 ({B n }) the C * -algebraic direct sum. We also use q ∞ ({B n }) for the quotient l ∞ ({B n })/c 0 ({B n })).
A measure µ on X is said to be strictly positive measure, if µ(O) > 0 for any non-empty open subset O ⊂ X. Definition 2.2. Let A and B be two C * -algebras. Suppose that L 1 , L 2 : A → B be two maps, ǫ > 0 and F ⊂ A, we write
Suppose that L : A → B is a contractive completely positive linear map. Let δ > 0 and G ⊂ A be a (finite) subset. We say that L is δ-G-multiplicative if L(ab) − L(a)L(b) < δ for all a, b ∈ G.
Let σ > 0. We say that L in σ-G-injective if L(a) ≥ σ a for all a ∈ G.
Let P ⊂ K(A) be a finite subset. A contractive completely positive linear map L : A → B is said to be (G, P, δ) map if L is δ-G-multiplicative, [L] P is well defined (see 2.2 of [33], 6.1.1 of [24] and see also 2.4 of [9] ). for all a ∈ G. Suppose that {ϕ n } is a sequence of contractive completely positive linear maps from A to B such that lim n→∞ ϕ n (ab) − ϕ n (a)ϕ n (a) = 0 for all a, b ∈ A.
We say {ϕ n } is a T -full asymptotic embedding if for any finite subset G ⊂ A + , there exists an integer N > 0 such that ϕ n is T -G-full for all n ≥ N. From 3.3, it is clear that such {ϕ n } is indeed an asymptotic embedding.
Definition 2.5. Denote by N the class of separable amenable C * -algebras which satisfy the Universal Coefficient Theorem.
Definition 2.6. Denote by U throughout this paper the universal UHF-algebra U = ⊗ n≥1 M n . Let {e (n) i,j } be the canonical matrix units for M n . Let u n ∈ M n be the unitary matrix such that ad u n (e (n)
i+1,i+1 (modulo n). Let σ = ⊗ n≥1 ad u n ∈ Aut(U) be the shift (see for example Example 2.2 of [4] ). A fact that we will use in this paper is the following property that σ has: For any integer k > 0, any ǫ > 0 any finite subset F ⊂ U, there exist mutually orthogonal projections e 1 , e 2 , ..., e k ∈ U such that k i=1 e i = 1 U , xe i − e i x < ǫ for all x ∈ F and σ(e i ) = e i+1 , i = 1, 2, ..., k (e k+1 = e 1 ).
Let A be a unital C * -algebra and let α ∈ Aut(A). In this paper, we say that A has the cyclic Rokhlin property, if for any integer k > 0, any ǫ > 0 and any finite subset F ⊂ A, there exist mutually orthogonal projections e 1 , e 2 , ..., e k ∈ A such that k i=1 e i = 1 A , (e 2.1)
xe i − e i x < ǫ for all x ∈ F and (e 2.2) α(e i ) − e i+1 < ǫ, i = 1, 2, ..., k (e k+1 = e 1 ).
(e 2.3)
Suppose that α has the above cyclic Rokhlin property and w ∈ U (A). Then ad w • α also has the cyclic Rokhlin property (a fact communicated to us by N. C. Phillips). Given ǫ > 0 and finite subset F ⊂ A and an integer k > 0, defined F 1 = {w} ∪ F. Since α has the cyclic Rokhlin property, there are mutually orthogonal projections {e 1 , e 2 , ..., e k } such that k i=1 e i = 1 A , α(e i ) − e i+1 < ǫ/2 and xe i − e i x < ǫ/2 for all x ∈ F 1 . Then ad w • α(e i ) − e i+1 ≤ ad w • α(e i ) − ad w(e i+1 ) + ad w(e i+1 ) − e i+1 (e 2.4) < ǫ/2 + ǫ/2 = ǫ.
(e 2.5)
It follows that ad w • α has the cyclic Rokhlin property.
Two Uniqueness Theorems
The following is well-known. Then the following are equivalent: (i) The sequence {ϕ n } is an asymptotic embedding; (ii) There exists σ > 0 and a dense and increasing sequence of finite subset G n ⊂ A such that each ϕ n is σ-G n -injective;
(iii) The induced the map:
Proof. It is clear that (i) implies (ii).
If (ii) holds, then π • ({ϕ n }) :
It follows that π • ({ϕ n }) is a monomorphism. If (iii) holds, then π • ({ϕ n })(a) = a for all a ∈ A.
It follows that lim n→∞ ϕ n (a) = a for all a ∈ A.
Lemma 3.2. Let A be a unital separable amenable C * -algebra and let T :
Then there exists an increasing sequence of finite subsets {G n } ⊂ A + with its union being dense in A + satisfying the following: If B n is a sequence of unital C * -algebra and if ϕ n : A → B n is contractive completely positive linear map such that
Thus Φ(a) does not belong to any proper ideal of q ∞ ({B n }).
Then J is a (closed two-sided) ideal of A and for any non-zero Then there exists a map T :
Proof. Suppose that T : A + \{0} → N×R + is a map and {ϕ n } is a T -full asymptotic embedding. Then, for any a ∈ A + \ {0}, let N = T (a) N and R = T (a) R . Then there are x n,i ∈ A with x n,i ≤ R, i = 1, 2, ..., N such that
It follows that π • ({ϕ n }) is full. Conversely, if π • ({ϕ n }) is full, then for any a ∈ A + \ {0}, there is N ≥ 1 and R > 0, and there are y i ∈ q ∞ ({B}) such that y i ≤ R, i = 1, 2, ..., N, and
There is
for all a ∈ A + \ {0}. Thus, for any a ∈ A + \ {0}, there exits an integer n a > 0 such that
x * n,i ϕ n (a)x n,i − 1 B < 1/2 for all n ≥ n a . One obtains an invertible positive element b n ∈ B + with b n ≤ 2R for all n ≥ n a such that there exists a unitaries u ∈ M N +1 (F ) such that,
for all a ∈ F. Moreover, the assumption that K 0 (F ) is divisible can be replaced by K 1 (A) is torsion free and
(e 3.9)
Proof. Suppose that the lemma is false. Then there are ǫ 0 > 0 and a finite subset F 0 ⊂ A and T : A + \ {0} → (N, R + ) such that there are a sequence of decreasing positive numbers δ n → 0, an increasing sequence of finite subset {G n } ⊂ A whose union is dense in A, an increasing sequence of finite subset {P n } ⊂ K 0 (A) whose union is K 0 (A), an increasing sequence {k(n)} of positive integers for which lim n→∞ k(n) = ∞, an increasing sequence of finite subsets {S n } which satisfies the conclusion of 3.2, a sequence {F n } of unital AF C * -algebras with divisible K 0 (F n ), and three sequences of G n -δ n -multiplicative contractive completely positive linear maps {ϕ n }, {ψ n } and {f n } from A into F n for which {f n } is T -S n full and for which
where the infimum is taken over all unitaries in M k(n)+1 (B n ). Let π : l ∞ ({F n }) → q ∞ ({F n }) be the quotient map. PutΦ = π • {ϕ n },Ψ = π • {ψ n } and H = π • {f n }. ThenΦ,Ψ andH are homomorphisms. By 3.2,H is a full monomorphism from A to q ∞ ({F n }). Moreover, by (e 3.10), since each F n is AF (see Cor. 2.1 of [17] ),
(e 3.12)
Since F n is AF, K 1 (F n ) = {0} and K 0 (F n ) is torsion free. By Cor. 2.1 of [17] , since F n are AF, Since A is assumed to satisfy the UCT, we compute that
If the condition that K 0 (F n ) is divisible is replaced by K 1 (A) is torsion free and [f n ]| Pn = [ϕ n ]| Pn , then we should get H * 0 =Φ * 0 =Ψ * 0 and K 0 (A, Z/kZ) = K 0 (A)/kK 0 (A), k = 2, 3, ...
(e 3.18)
Let Q ⊂ K(A) be a finite subset. There is an integer k > 0 such that
H ⊕H ⊕ · · · ⊕H . By (e 3.18), (e 3.13) and (e 3.14), we compute that 20) if i = 2, 3, ..., k. By (e 3.14), we also have that
We conclude that
Using either (e 3.17) or (e 3.22) with sufficiently large Q (which depends on ǫ 0 and F 0 ) (and hence large k), and by applying 3.9 of [29] we obtain an integer K > 0 and a unitary U ∈
for all a ∈ F. Choose N = (2K + 1)(k! − 1). It is easy to see that there is a unitary W = {w n } ∈ l ∞ ({B n }) such that π(W ) = U. Therefore, there is N 0 > 0 such that, for any n ≥ N 0 , u * n diag(ϕ n (a), for all a ∈ F 0 . The above estimate (e 3.24) contradicts with (e 3.11).
Definition 3.5. Denote by C 0 the class of unital C * -algebra C with the form C = M n (C(X)), where X is a compact subset of a finite CW complex, n is a positive integer, P ∈ M n (C(X)) is a projection. Note that X is not assumed to be connected.
Recall that a C * -algebra is said to AH, if it is inductive limit of finite direct sums of C *algebras in C 0 .
The following follows from the results in [31] immediately. Theorem 3.6. Let C be a unital C * -algebra which is an inductive limit of finite direct sums of C * -algebras in C 0 and let A be a unital simple C * -algebra with tracial rank zero. Suppose that h 1 , h 2 : C → A are two monomorphisms such that Proof. First, we note that it follows from Cor. 2.8 of [31] that the theorem holds for C ∈ C 0 .
The case that C is a finite direct sum of C * -algebras in C 0 then also follows. Now we assume that C = lim n→∞ (A n , ϕ n ), where each A n is a finite direct sum of C *algebras in C 0 . Since the quotient of C * -algebras in C 0 is still in C 0 , without loss of generality, we may assume that each ϕ n is injective. Denote by ϕ n,∞ : A n → C the embedding induced by the inductive limit (note we now assume that each ϕ n is injective).
Let ǫ > 0 and let F ⊂ C be a finite subset. Without loss of generality, we may assume that F ⊂ ϕ n,∞ (A n ). Denote by F ′ ⊂ A n the finite subset so that ϕ n,
for all f ∈ A n and τ ∈ T (A). By what we have shown (by applying [31] ) for the cases that C * -algebras are direct sum of C * -algebras in C 0 , we obtain a unitary in A such that
It follows that ad u • h 1 ≈ ǫ h 2 on F. Proof. Let t be a faithful tracial state on A. Write A = lim n→∞ (A n , h n ), where A n = ⊕ j(n) i=1 P n,j M d(i,n) (C(X n,i ))P n,j , where each d(i, n) is a positive integer, X n,i is a compact subset of a finite CW complex and P n,j ∈ M d(i,n) (C(X n,i ) is a projection and each h n is injective. Moreover, we assume that there are integers r(n, i), s(n, i) > 0 and a projection Q n,i ∈ M s(n,i) (P n,j M d(i,n) (C(X n,i ))P n,j ) such that Q n,i M s(n,i) (P n,j M d(i,n) (C(X n,i ))P n,j )Q n,i ∼ = M r(n,i) (C(X n,i )).
AH-algebras
We extend the monomorphism h n,∞ : M s(n,i (P n,j M d(i,n) (C(X n,i ))P n,j ) → M s(n,i) (A). To simplify notation, we may identify Q n,i M s(n,i) (P n,j M d(i,n) (C(X n,i ))P n,j )Q n,i with M r(n,i) (C(X n,i )).
Let e (n,i) 11
be a rank one projection in M r(n,i) (C(X n,i )). Consider the monomorphism h Note that C(X n,i ) ∼ = e (n,i) 11 M r(n,i) (C(X n,i ))e (n,i) 11 . We use t for t ⊗ T r, where T r is the standard trace on M r(n,i) . This gives a strictly positive probability Borel measure µ n,i on X n,i . As in 3.2 of [32] , one obtains a sequence of partitions P m : Y n,i (m, j), j = 1, 2, ...c(m), which has the following properties:
(e 4.28)
Fix i and m, there are mutually orthogonal projections {q n,i (m, j)} ⊂ p n,i Cp n,i such that
is a set of mutually orthogonal projections. Let C(n, i) ⊂ p n,i Cp n,i be the C * -subalgebra generated by {e n,i (m, j)
for f ∈ C(X n,i ), where ξ n,i,m,j ∈ Y n,i (m, j) is a point. By (2) above, for each n and i, {h
for f ∈ C(X n,i ). We extend, for each n and i, h (n,i) : M r(n,i) (C(X n,i) )) → M r(n,i) (p n,i Cp n,i ). By (e 4.28), (e 4.29) and (e 4.31) as well as (e 4.32), we obtain a monomorphism h (n) :
for all a ∈ A n . Since
for all a ∈ A n . It follows that, for any n ′ > n,
Since K 1 (C) = {0}, K 0 (C) is torsion free and divisible, we have
Since we have assume that h n are injective, we obtain an increasing sequence of finite subsets {F n } of A whose union is dense in A and F n ⊂ A n , n = 1, 2, ..., .
Combining (e 4.38) and (e 4.36), by applying 3.6 and passing to a subsequence, if necessary, we obtain unitaries u n ∈ C such that
(e 4.39)
Put ϕ n = ad u n •ad v n •h (n) . n = 1, 2, .... Thus we obtain the following approximate intertwining:
Thus we obtain a unital embedding ϕ : 
Furthermore, we may assume that D is divisible.
Proof. In the proof of 4.1, we may begin with the tracial state t. Thus
The following is certainly known. 5 Crossed products of AH-algebras by Z
The following is proved in [33] . The constant δ and the finite subset G can be chosen independent of A and h but they are dependent on a measure distribution. Please see 2.10 of [33] for the definition of Bott(h, v)| P . See 2.10 and 2.11 of [33] also for the definition of bott 1 (h, v) which is related to the usual bott element bott 1 (u, v) for a pair of unitaries.
Theorem 5.1. ( [33] ) Let A be a unital AH-algebra and let B be a unital separable simple C *algebra of tracial rank zero. Suppose that h : A → B is a unital monomorphism. Then, for any ǫ > 0 and any finite subset F ⊂ A, there exists a finite subset G ⊂ A and a finite subset P ⊂ K(A) satisfying the following: suppose that w, u ∈ U (B) are unitaries such that
Then there is a continuous rectifiable path {u t : t ∈ [0, 1]} such that
In particular,
Using the above theorem, we obtain the following:
Lemma 5.2. Let A be a unital AH-algebra and let B be a unital separable simple C * -algebra of tracial rank zero. Suppose that h : A → B is a unital monomorphism. Then, for any ǫ > 0 and any finite subset F ⊂ A, there exists δ > 0 and a finite subset G ⊂ A satisfying the following: If there is a continuous path of unitaries
then there is a continuous path of unitaries {w t : t ∈ [0, 1]} such that
Proof. Fix ǫ and a finite subset F ⊂ A. Without loss of generality, we may assume that F is in the unit ball of A. Let δ 1 > 0 and G 1 ⊂ A and P ⊂ K(A) be finite subsets required in 5.1 for the above ǫ and F. We choose δ 2 > 0 and a finite subset [33] and 2.10 of [33] for the definition of Bott map β).
Without loss of generality, by choosing smaller δ 2 , we may assume that G ′ 2 = G 2 ⊗ S, where S = {1 C(S 1 ) , z} and z is the identity function on the unit circle.
We may assume that F ∪ G 1 ⊂ G 2 and δ 2 < min{ǫ, δ 1 }. Let δ 3 > 0 (in place of ǫ) and G 3 ⊂ A (in place of F 1 ) be a finite subset required by 2.7 of [33] for δ 2 /2 (in place of ǫ) and G 2 (in place of F 2 ).
We may assume that G 3 is a subset of the unit ball of A. Now suppose that {w t : t ∈ [0, 1]} and h are in the lemma for the above δ and G. It follows from 2.7 of [33] that there is, for each t, an δ 2 -G 2 -multiplicative contractive completely positive linear map ψ t :
for all a ∈ G 2 and g ∈ S.
There is a partition 0 = t 0 < t 1 < · · · < t m = 1 such that
It follows from (e 5.40) and (e 5.41) that Since δ < δ 1 and G 1 ⊂ G 2 , by applying 5.1, we obtain a continuous path of unitaries {w t : t ∈ [0, 1]} such that 
where w ∈ B is a unitary, there is a continuous path of unitaries {u t : t ∈ [0, 1]} such that
for all a ∈ F and all t ∈ [0, 1]. Moreover,
It should be noted that a rectifiable continuous path with length, say 2π + ǫ, may not have the Lipschitz condition.
The following lemma is taken from [34] . The proof is also the same as in [34] . However, since it has different assumption and slightly different conclusion, for the convenience, we will present the proof here. 
for all a ∈ A, where β = β 0 ⊗ σ and U and σ are defined in 2.6.
Then there are unitaries w, V n ∈ B ⊗ U (n = 1, 2, ...,) such that
Proof. To simplify notation, we may assume that B = B ⊗ U. Note that β is an approximately inner automorphism on B which satisfies the Rokhlin property of 2.6. Let {F n } be an increasing sequence of finite subsets of the unit ball of
Since ϕ•α has the property (H) for the constant L > 0 and for ǫ = 1/8 and F = ∪ N 1 i=0 α −i (F 1 ), we let η 1 > 0 (in place of δ) and G 1 ⊂ A (in place of G) be a finite subset which is required in 5.3. We may assume that
(e 5.53)
By ( e 5.49 ),
. (e 5.67)
Thus, for k ≤ N 1 , by (e 5.54) and by (e 5.50)
. Applying the property (H) for L > 0, we obtain a continuous path of unitaries {w(t) : t ∈ [0, 1]} such that
Since β has the cyclic Rokhlin property (see 2.6), we obtain mutually orthogonal projections e 1 , e 2 , ...,
. We estimate that, using (e 5.75) and (e 5.74) and the fact that e i e j = 0 (for i = j), as well as (e 5.72) and (e 5.73),
Similarly, we then estimate that
. (e 5.80)
It follows that there is a unitary V 1 ∈ B such that
. (e 5.81)
We also estimate that
β(u j−1 (t 1 ))β j (w(t j−1 ))β(e j ) (e 5.88)
e j+1 v(t 1 )β(u j−1 (t 1 ))β j (w(t j−1 ))e j+1 (e 5.89)
.
(e 5.93) It follows from (e 5.77), (e 5.78), (e 5.79), (e 5.81) that 
for all a ∈ F 1 . Define
for all a ∈ A. It follows that
for all a ∈ A.
We also have u 1 (0) = 1. By (e 5.93),
(e 5.100)
By (e 5.51),
for all a ∈ ∪ N 2 −1 i=0 (G 2 ) and all t ∈ [0, ∞). With (e 5.98), (e 5.99) and (e 5.101), we will repeat this process. To repeat the process, we also note that, by 2.6, β 1 has the Rokhlin property in the sense of 2.6.
By repeating the process, we obtain sequences of unitaries Since each ϕ n is a monomorphism, so is ϕ ′ . By (e 5.103), we obtain a unitary w ∈ B such that w = lim n→∞ z * 1 z * 2 · · · z * n−1 z * n .
(e 5.105) It follows from (e 5.98) and (e 5.99) that Then A ⋊ α Z can be embedded into a unital simple AF-algebra C.
Proof. We first note that, by 5.2, any unital monomorphism from any unital AH-algebra to a unital separable simple C * -algebra with tracial rank zero has property (H) for L = 2π + 1. So, in particular, h has the property (H). Let τ ∈ T (B) be a tracial state and let D be the range of τ on K 0 (B). There is a unital simple AF-algebra B 1 with a unique tracial state such that
. By the classification theorem of Elliott ([14] ), there is a unital monomorphism ϕ : B → B 1 . Denote by C = B 1 ⊗ U and β = id B 1 ⊗ σ. It follows from 5.4 that there is a unital monomorphism ψ : A ⋊ α Z → C ⋊ β Z. Since (β) * 0 = id K 0 (C) and β has the cyclic Rokhlin property, it follows from Theorem 3.4 of [30] that C ⋊ β Z has tracial rank zero. It follows from the classification theorem (see [27] and [26] ) that C ⋊ β Z is a unital simple AH-algebra with slow dimension growth and real rank zero. It follows from [15] that A ⋊ β Z can be embedded into a unital simple AF-algebra. It follows that A ⋊ α Z can be embedded into a unital simple AF-algebra (with a unique tracial state). Proof. Suppose that there is a unital C * -algebra B, there is a homomorphismH : A → B and a unitaryŪ ∈ B such that [H(a),Ū ] = 0 for all a ∈ A. LetΦ : A ⊗ C(S 1 ) → B be the homomorphism defined byΦ(a ⊗ f ) =H(a)f (Ū ) for all a ∈ A and f ∈ C(S 1 ). Let β : K 1 (A) → K 0 (A ⊗ C(S 1 )) be the homomorphism given by the tensor product. Then bott 1 
(e 5.108)
To see the lemma holds, we assume that it fails. We then obtain a finite subset P ⊂ K 1 (A), a sequence of unital C * -algebras B n , a sequence of decreasing positive numbers {δ n } with lim n→∞ δ n = 0, an increasing sequence of finite subset G n ⊂ A such that ∪ ∞ n=1 G n is dense in A and a sequence of unital homomorphisms h n : A → B n , and a sequence of unitaries u n ∈ B n such that [h n (a), u n ] < δ n for all a ∈ G n and (e 5.109) It follows from what has been proved,
(e 5.111)
Then, for any sufficiently large n, 
It follows from (e 5.116), by passing to a subsequence if necessary, with U n = diag(u n , u n ), we may assume thatψ 0 (a) = lim n→∞ ad U n • β (2) • ψ 0 (a) (e 5.119) for all a ∈ A. Let F 1 ⊂ F 2 · · · ⊂ F n ⊂ · · · be an increasing sequence of the unit ball of B such that the union is dense in the unit ball of B.
Let 1 > ǫ n > 0 such that ∞ n=1 ǫ n < ∞. For ψ 0 : A → M 2 (B), there exists δ ′ n > 0, a finite subset G ′ n ⊂ A and a finite subset P n ⊂ K(A) required by 5.1 for ǫ n and F n . By choosing larger P n , we may assume that if x ∈ P n , −x ∈ P n . For each n, choose 0 < δ n ≤ δ ′ n and a finite subset G n ⊃ G ′ n required in 5.6 for P n ∩ K 1 (A). Without loss of generality, we may assume that G n are in the unit ball of A, F n ⊂ G n ⊂ G n+1 , n = 1, 2, .... Put S = {1 C(S 1 ) , z}, where z ∈ C(S 1 ) is the identity function on the unit circle.
Here we also assume that for any δ n -G n ⊗ S-multiplicative contractive completely positive linear maps L 1 , L 2 : A ⊗ C(S 1 ) → B (for any unital C * -algebra B), [L i ]| Pn is well defined and
We may assume thatψ
for all t ≥ t n , n = 1, 2, .... Put
(e 5.122) and
. Note that v(n) = U n Z ′ n (0) = U n , v(n + 1) = U n Z ′ n (1) = U n+1 and V (t) is continuous on [1, ∞). We also compute that We also have (ϕ • α) * 1 = ϕ * 1 since K 1 (B) = {0}. Since K 0 (B) is divisible, it follows that KL(A, B) .
It follows from 5.7, there is a unital embedding ψ : A → M 2 (B ⊗ U) and a unitary w ∈ U (M 2 (B ⊗ U)) such that
(e 5.136)
Denote by β = id B ⊗ σ and C 1 = M 2 (B ⊗ U). Then we have a unital embedding ψ 1 :
As in the proof of 5.5, this implies that A ⋊ α Z can be embedded into a unital simple AF-algebra.
It is worth to note that when K 1 (A) = {0}, one can always take κ = id A . Proof. By embedding A ⋊ α Z into A ⊗ U ⋊ α⊗σ Z, we may assume that K 1 (A) = {0}. We then choose κ = id A . So, either 5.9 or 5.8 applies. Proof. Every AF-algebra is an AH-algebra with trivial K 1 (A).
Remark 5.13. The scheme of the proof of this section is the same as that in [34] . However, we use 5.1 and 5.2 as well as 3.6 and 4.2. Moreover, by introducing κ, we are able to avoid the difficult generalization of results in [21] . One can verify, for example, for unital simple ATalgebra, required κ can be produced. However, in the next section, we will show that if A is a unital AT-algebra and α ∈ Aut(A) is an automorphism then A ⋊ α Z can always be embedded into a unital simple AF-algebra provided it has a faithful α-invariant tracial state. It probably worth to point out that, even simple AH-algebras with trivial K 1 -groups and torsion free K 0 -groups are not necessary AF (see [22] for a classification for some of those simple AH-algebras). In particular, they may not have real rank zero. There are also simple AHalgebras whose stable rank is higher than one. Some more exotic AH-algebras were known. In general, when C * -algebras are not assumed to be simple, there is no realistic hope of classification by K-theory at this moment.
6 Crossed products of AT-algebras by Z Some versions of the following three facts are known. We collect here as lemmas for the convenience. Lemma 6.1. Let A be a unital C * -algebra and let τ ∈ T (A). Suppose that u, v ∈ U (A) are unitaries such that
(e 6.137)
Then τ (log(uv)) = τ (log(u)) + τ (log(v)). (e 6.138)
where θ = arccos(3λ/2). Then F contains spectra of u, v and uv. Take a branch of logarithm log : F → (−π, π) which is continuous (smooth) on F. Denote
Note that, for each t ∈ [0, 1], sp(w(t)) ⊂ F. So log w(t) is smooth and log(w(0)) = log(w(1)). One then computes 1 2πi 1 0 τ ( d(w(t)) dt w(t) * )dt = 0. (e 6.139) However, one also has that 1 2πi
. Then τ (log(e 2πib wad u(α((e −2πib w) * ))) = τ (log(wad u(α(w * )))). (e 6.144)
Proof. By applying 6.1, we have τ (log(e 2πib wad u(α(e 2πib w) * ))) (e 6.145) = τ (log(e 2πib )) + τ (log(wad u(α(w * )e −2πiα(b) ))) (e 6.146) = 2πiτ (b) + τ (log(wad u(α(w * )) + τ (log(ad u(e −2πiα(b) ))) (e 6.147) = τ (log(z m−1 ad u(α(z m−1 ) * ))) + τ (log(zad u(α(z * )))).(e 6.153)
The lemma then follows by induction.
where X i is a compact subset of the unit circle. Let e i ∈ M r(i) (C(X i )) be a constant rank one projection. Denote by z i the identity function on X i . We identify C(X i ) with e i M r(i) (C(X i ))e i and z i with the unitary in e i M r(i) (C(X i ))e i , i = 1, 2, ..., N. Let Z = {v 1 , v 2 , ..., v m } be unitaries in B. Then we have the following: Proposition 6.4. There exists δ > 0 and a finite subset G ⊂ B satisfying the following: If ad u • α(a) − a < δ for all a ∈ G and (e 6.154) τ (log(z i ad u(α(z * i )))) = 0, (e 6.155) then τ (log(v j ad u(α(v * j )))) = 0 (e 6.156)
Proof. It is easy to see that we may assume that E i = 1 A = 1 B and B has only one summand, B = M r (C(X)), where X is a compact subset of the unit circle. Let e be a constant rank one projection in B. We now use z for the identity function on X and the corresponding unitary in eBe and denote z ′ = (1 − e) + z.
For each v j , we assume that [v j ] = [z m j ] in K 1 (B) for some integer m j . There is a continuous path of unitaries {v j (t) : t ∈ [0, 1]} such that v j (0) = v j and v j (1) = z m j , j = 1, 2, ..., N.
(e 6.157)
Let δ 1 > 0 be in the lemma 6.3 for k = max{|m j | : j = 1, 2, ..., N }.
We now assume that G contains at least z, z ′ , v j (t s−1 ) * v j (t s ) and v j (t s ), s = 1, 2, ..., N and j = 1, 2, ..., m. Now suppose that (e 6.154) and (e 6.155) hold. In particular, we have
(e 6.158) s = 0, 2, ..., K and j = 1, 2, ..., N. Note that there is h(j, s) ∈ B s.a with h(j, s) < arcsin(1/6) π such that v j (t s−1 ) * v j (t s ) = e 2πh(j,s) .
By (e 6.155), we have τ (log(z ′ ad u(α(z ′ ) * ))) = 0. (e 6.159)
It follows from 6.3 that τ (log((z ′ ) m j ad u(α((z ′ ) m j ) * ))) = 0, j = 1, 2, ..., N.
(e 6.160) By applying 6.2, we obtain τ (log(v j (t N −1 )ad uα(v j (t N −1 )))) = 0. (e 6.161)
Then the desired conclusion follows the repeated application of 6.2.
The following Exel's formula actually holds in much great generality. Without loss of generality, we may assume that u n , v n ∈ A n , u − u n < δ 3 and v − v n < δ 3 , n ≥ N 1 (e 6.168) for some sufficiently large N 1 . Then
(e 6.169)
By choosing larger n, without loss of generality, we may assume that p, q ∈ M 2 (A n ). We may write A n = ⊕ N k=1 M r(k) , where r(k) ≥ 1 is an integer. We may also write p = ⊕ N k=1 p k and q = ⊕ N k=1 q k , τ (log(v n u n v * n u * n )) (e 6.174)
for each n and all τ ∈ T (A). Note the left side remains the same value. Since we choose a continuous branch of log, we conclude that
τ (log(vuv * u * )). (e 6.175) Lemma 6.6. Let B be a unital AT-algebra and let A be a unital simple AF-algebra with a unique tracial state τ. Suppose that α ∈ Aut(A) and suppose that there is a unital monomorphism ϕ : B → A such that
(e 6.176)
Then there is a unital simple AF-algebra C with a unique tracial state and a unital monomorphism ψ : A → C such that there exists a continuous path of unitaries
for all a ∈ B.
Proof. By replacing A by A ⊗ U, we may assume that K 0 (A) is divisible. Suppose that ρ A (K 0 (A)) = D, where D is a countable divisible dense subgroup of R. By embedding A into another simple AF-algebra, if necessary, we may assume that (K 0 (A),
M r(i) (C(X n,i )) and X n,i is a compact subset of the unit circle.
Let e (n,i) be a constant rank one projection in M r(i) (C(X n,i )). We will identify C(X n,i ) with e (n,i) M r(i) (C(X n,i ))e (n,i) whenever it is convenient. Denote by z n,i the identity function on X n,i and will be identified with a unitary in e (n,i) M r(i) (C(X n,i ))e (n,i) , i = 1, 2, ..., R(n), n = 1, 2, .... Denote z ′ n,i = (1−e n,i )+z n,i . To simplify the notation, we will identify B with ϕ(B). Also denote by D n = ⊕ R(n) i=1 M r(i) which is also identified with C * -subalgebra of B n of constant matrices. Since for all b ∈ B (note we have omitted the notation ϕ).
where each A n is a finite dimensional C * -subalgebra with 1 A ∈ A n for each n. We may assume that {w n } ⊂ ∪ ∞ n=1 A n . Moreover, we may assume that ad w n • α| Dn = id Dn , n = 1, 2, .... (e 6.180)
By passing to a subsequence if necessarily, we may also assume that ad w n+k • α(z n,i ) − z n,i (e 6.181)
is sufficiently small for all k = 1, 2, ... so that b n+k,i = 1 2πi log(z n,i w * n+k α(z n,i )w n+k ) can be defined.
Let D 1 be a countable subgroup of R which contains D and {τ (b n+k,i )}. Let C be a unital simple AF-algebra with unique tracial state which we again denote it by τ such that (K 0 (C), K 0 (C) + , [1 C ]) = (D 1 , (D 1 ) + , 1). For the convenience, we may also assume that A ⊂ C (and τ (a) remains the same value) and we use j : B → C for the embedding.
Let {F n } ⊂ B be an increasing sequence of finite subsets whose union is dense in B. Let ǫ n > 0 (in pace of δ), G n (in place of G) be a finite subset of B (in place of A) and P n ⊂ K(B) be required in 5.1 for 1/n (in place of ǫ) and F n (in place of F) (and for j in place of h there). Since B is an AT-algebra, K i (B) is torsion free (i = 0, 1). It suffices to choose P n ⊂ K 1 (B). We may assume that ǫ n ↓ 0. Without loss of generality, we may assume that F n ⊂ B n and G n is in the unit ball of B n . We may also assume that z n,i ∈ G n .
For each n ≥ 2, let Z n = {z ′ n,i , z ′ n−1,j , i, j}. To simplify the notation, without loss of generality, we may assume that ǫ n is smaller than δ in 6.4 and G n is larger that G in 6.4 corresponding B n and Z n . Put γ n = min{τ (e n,i ) :
There is x n+k,i ∈ K 0 (C) such that
Note each a k,j may be viewed as a function in C(X n,i ).
Let δ ′ n > 0 be required by Lemma 2 of [34] for ǫn 2R(n) 2 . In fact that we choose δ ′ n even smaller so that in the conclusion of Lemma 2 of [34] we may require that [a k,j (z), w] < ǫ n /2R(n) 2 (e 6.183) for all a k,j ∈ G n,i (in the case that X n,i = S 1 ). Put δ n = min{ǫ n /2, γ n · δ ′ n , 2 sin(2πγ n · δ ′ n )}. We also assume that the value in (e 6.181) is smaller than δ n . We will construct a sequence of unitaries {u n } as follows. For each X n,i = S 1 , choose δ(n, i) > 0 so that bott 1 (z n,i , z) = 0 (e 6.184) for any unitary z ∈ e n,i Ce n,i , provided that [z n,i , z] < δ(n, i).
We then choose w k(n) so that ad w k(n) • α(z n,i ) − z n,i < min{δ n , δ(n, i)} (e 6.185) and ad w k(n) • α(a) − a < δ n for all a ∈ G n . (e 6.186) Moreover,
(e 6.187) It follows from Lemma 2 of [34] that, if sp(z n,i ) = S 1 , there is a unitary v n,i ∈ e (n,i) Ce (n,i) such that [z n,i , v n,i ] < ǫ n R(n) 2 and bott 1 (z n,i , v n,i ) = −x k(n),i .
(e 6.188)
Let v n,i = e (n,i) , if sp(z n,i ) = S 1 . By 6.5 and applying 6.1 τ ( 1 2πi log((z n,i v * 1,i w * k(n) α(z n,i )w n+k v n,i )) (e 6.189) = τ ( 1 2πi log(v n,i (z n,i v * n,i w * k(n) α(z n,i )w k(n) v n,i v * n,i )) (e 6.190) = τ ( 1 2πi log(v n,i z n,i v * n,i z * n,i z n,i w * k(n) α(z n,i )w k(n) )) (e 6.191)
z n,i w * k(n) α(z n,i )w k(n) )) = 0. (e 6.193)
We then obtain a unitary u n (with the form of ⊕
log(z n,i u * n α(z * n,i )u n )) = 0. (e 6.195) n = 1, 2, .... By (e 6.186)and choice of δ ′ n , we may also assume that ad u n (α(a)) − a < ǫ n /2 for all a ∈ G n . (e 6.196) By applying 6.4, we also have that
log(ad u * n+1 (z n,i )α(z * n,i )) (e 6.198) b 2 = 1 2πi log(ad u * n (z n,i )α(z * n,i ))) (e 6.199) b 3 = 1 2πi log(z n,i ad u * n u n+1 (z * n,i )). (e 6.200) Then, by (e 6.195) and (e 6.197),
log(z n,i ad(u n+1 )(α(z n,i ))) = 0 and (e 6.201)
z n,i ad u n (α(z * n,i )))) = 0. (e 6.202) But ad u * n+1 (e 2πih 3 ) = e 2πib 1 e −2πib 2 . (e 6.203) Therefore, by applying (6.1),
log(e 2πib 1 e −2πib 2 )) (e 6.204)
(e 6.205) Note also, by (e 6.196) ,
[j(a), u * n u n+1 ] < ǫ n /2 + ǫ n+1 /2 for all a ∈ G n (e 6.206)
In particular, [z n,i , u * n u n+1 ] < ǫ n /2 + ǫ n+1 /2. (e 6.207) However, by 6.5
τ (bott 1 (u * n+1 u n , z n,i )) = τ (h 3 ) = 0. (e 6.208)
Since kerρ C = {0}, bott 1 (u * n+1 u n , z n,i )) = 0. Therefore bott 1 (z n,i , u * n u n+1 ) = 0. (e 6.209)
Hence we may assume that bott 1 (j, u * n u n+1 )| Pn = 0. (e 6.210)
Consequently, (also using (e 6.206)), for sufficiently large n (so ǫ n is sufficiently small), one may apply 5.1 to obtain a continuous path of unitaries {w n (t) : t ∈ [0, 1]} such that w n (0) = 1, w n (1) = u * n u n+1 and (e 6.211)
[j(a), w n (t)] < 1/n (e 6.212) for all a ∈ F n and t ∈ [0, 1]. Define Proof. Since A is simple, A always admits a faithful α-invariant tracial state. Remark 6.9. This section is based on [34] . It simplifies and clarifies some arguments used in [34] for the purpose of proving 6.7. It should be noted that a unital simple AT-algebra may not have real rank zero. Theorem 6.7 also applies to non-simple AT-algebras. for all n, m ≥ n 0 for some n 0 > 0, where j 0 : A 0 → A is the embedding, then we may also require that
for all sufficiently large n and m.
Proof. We may assume that ϕ n (1 A ) = 1 B .
Since {ϕ n } is T -full, by 3.3 and 3.1, for any finite subset G 0 ⊂ A, there exists n 0 > 0 such that ϕ n (a) ≥ (1/2) a for all a ∈ G 0 (e 7.219) for all n ≥ n 0 . Fix a finite subset F ⊂ A and ǫ > 0. Let G ⊂ A, P ⊂ K(A), δ > 0 and N > 0 be integer meet the requirements of 3.4. Fix Q ⊂ K(A 0 ). Without loss of generality, we may assume that [j 0 ](Q) ⊂ P. Let K = N (N + 1). Choose G ′ = ∪ N j=0 α j (G). Note that π • {ϕ n • α j } : A → q ∞ ({C}) is full for each j. Therefore there are T j : A + \ {0} → (N, R + ), j = 0, 1, 2, ..., such that {ϕ n • α j } are T j -full. Let S j = S j (ǫ, F, A, T j ) be a finite subset required by 3.4, j = 0, 1, 2, ..., N.
Suppose that ϕ ⊂ {ϕ n } be such that it is a (G ′ , P, δ/2)-map. By (e 7.219), we may also assume that ϕ(a) ≥ (1/2) a for all a ∈ G ′ .
(e 7.220)
We may also assume that for all a ∈ A.
Since each ϕ • α j is T 1 -S j full, by counting multiplicity of each ϕ(α j (a)) for j = 1, 2, ..., N, using (e 7.221) and by applying 3.4, we obtain a unitary U ∈ C ⊗ M K such that
By embedding M K unitally into U, we obtain a (G, P, δ)-map from A into C ⊗ U.
By (e 7.221) and (e 7.222), we see that, for any x ∈ P, for all a ∈ A and for all τ ∈ T (C), n = 1, 2, ... and j = 1, 2, ..., k, where t is the unique tracial state of U, then we may also require (in addition to the conclusion of 7.1) that
for all a ∈ A and for all τ ∈ T (C), n = 1, 2, ... and j = 1, 2, ..., k.
Proof. Note that, by (e 7.222),
, · · · , Φ(α N • α j (a))). (e 7.230)
By (e 7.228) (and (e 7.223)), we have
for all τ ∈ T (C), where t ′ is the tracial state on M K . It is then easy to conclude that (e 7.229) holds. Proof. It follows from (e 7.244) thatΦ • j = h. ThusΦ • j is full.
8 Asymptotic Embeddings for C(X) ⋊ α Z 2 and quasidiagonality Theorem 8.1. Let X be a compact metric space and let Λ : Z 2 → Aut(C(X)) be a Z 2 action on X. Then the following are equivalent:
(1) there exists a strictly positive Λ-invariant Borel probability measure µ on X, for all f ∈ C(X), where j : C(X) → C(X) ⋊ Λ Z 2 is the natural embedding.
Proof. Suppose that (2) holds. Without loss of generality, we may assume that ϕ n (1 C(X)⋊ Λ Z 2 ) = 1 B . Let τ ∈ T (C) be a tracial state. Then τ • h is a strictly positive Borel probability measure. Since C(X)⋊ Λ Z 2 is separable, there exists a subsequence {n k } and a tracial state t of C(X)⋊ Λ Z 2 such that t(a) = lim k→∞ τ • ϕ n k (a) for all a ∈ C(X) ⋊ Λ Z 2 . Therefore t • j is Λ-invariant. However, by (e 8.245)
Thus τ • j is a strictly positive Λ-invariant Borel probability measure on X. Now suppose that (1) holds.
It follows from Cor 3.3 and Theorem 4.3 of [32] (and its proof) that there is a unital simple AF-algebra B with a unique tracial state τ and a unital embedding ϕ : C(X) ⊗ U ⋊ γ 1 Z → B, such that τ • ϕ • ı(a) = τ • ϕ • ı • γ j (a), j = 1, 2 for all a ∈ C(X) ⊗ U, where γ j = α j ⊗ σ and σ is as in 2.6, j = 1, 2 and ı : C(X) ⊗ U → C(X) ⊗ U ⋊ γ 1 Z is the natural embedding. Let D = ρ B (K 0 (B) ). There is a unital simple AFalgebra B 1 with (K 0 (B 1 ), K 0 (B 1 ) + , [1 B 1 ]) = (D, D + , 1) and there is a unital monomorphism h 00 : B → B 1 which maps K 0 (B) to D by the map ρ B . Thus we may assume that B = B 1 , without loss of generality. In particular, now we assume that kerρ B = {0}. By replacing B by B ⊗ U, we may also assume that K 0 (B) is divisible. Put A 0 = C(X) ⊗ U. Suppose that e ∈ M k (A 0 ⋊ β Z) is a projection. Let E : A 0 ⋊ γ 1 Z → A 0 be the canonical conditional expectation. Since γ 1 has cyclic Rokhlin property, by Cor 4.2 of [32] , there is a tracial state t of A 0 such that t(E(a)) = τ • ϕ(a) (e 8.246) for all a ∈ A 0 ⋊ γ 1 Z. Defineγ 2 : A 0 ⋊ γ 1 Z → A 0 ⋊ γ 1 Z byγ 2 (a) = γ 2 (a) for a ∈ A 0 andγ 2 (u γ 1 ) = u γ 1 , where u γ 1 is the canonical unitary in A 0 ⋊ γ 1 Z implementing γ 1 . Since γ 1 commutes with γ 2 ,γ 2 defines an automorphism on A 0 ⋊ γ 1 Z. For the canonical expectation E : A 0 ⋊ γ 1 Z → A 0 , one computes that E(γ 2 (a)) = γ 2 (E(a)) (e 8.247) for all a ∈ A 0 ⋊ γ 1 Z.
Since τ • ϕ • ı is γ 1 and γ 2 invariant, by applying (e 8.246) and (e 8.247)), we obtain that t(E(γ 2 (a))) = t(γ 2 (E(a))) = t(E(a)) for all a ∈ A 0 ⋊ γ 1 Z. (e 8.248)
Now let e ∈ M k (A 0 ⋊ β 1 Z) be a projection. It follows from (e 8.248) that t(E(γ 2 (e))) = t(E(e)). Proof. It follows from [25] that there is a unital monomorphism h : A → B for some unital simple AF-algebra B with a unique tracial state τ. By mapping B to another simple AF-algebra, if necessary, we may assume that K 0 (B) is divisible. Since (α) * 0 = id| K 0 (A) , it follows that KL(A, B) .
(e 8.261)
